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■ While all models of Majorana neutrino masses lead to the same dimension 
five eff'ective operator, which does not conserve lepton number, the dimension six 
operators induced at low energies conserve lepton number and differ depending 

^ ■ on the high energy model of new physics. We derive the low-energy dimension six 

. operators which are characteristic of generic Seesaw models, in which neutrino 

masses result from the exchange of heavy fields which may be either fermionic 
singlets, fermionic triplets or scalar triplets. The resulting operators may lead 
to effects observable in the near future, if the coefficients of the dimension five 
and six operators are decoupled along a certain pattern, which turns out to be 
common to all models. The phenomenological consequences are explored as well, 
including their contributions to /Li ^ 67 and new bounds on the Yukawa couplings 
for each model. 
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1 Introduction 



The experimental observation of non-zero neutrino masses and mixings constitutes 
evidence for physics beyond the Standard Model (SM) and points to the existence of a 
new, yet unknown, physics scale. It has been already a few years since the breaking of 
such exciting news and nevertheless little -if anything- is known about the underlying 
physics. The difficulty lies in both the fact that neutrinos are very weakly interacting 
particles and, more important, in the tiny value of their masses - orders of magnitude 
lighter than any other fermion masses - pointing to very suppressed effects. The absence 
of exotic experimental signals other than neutrino masses, as well as the theoretical 
criteria of naturalness, point to values of the new physics scale, M, larger than the 
electroweak scale. 

It is worth recalling that the evidence for neutrino masses comes from neutrino 
oscillations, which detect the interference between the different paths taken by different 
neutrinos when traveling a long distance. The paths differ because the masses differ 
and what has been measured is the relative phase shift induced, which is only sizable 
after extremely long distances. In other words, detection has been possible because 
neutrino masses affect neutrino propagation. Other possible low-energy effects of the 
underlying theory, i.e. exotic couplings, are typically zero-distance effects which cannot 
benefit from such an enhancement. Its suppression is only easily overcome at very high 
energies, with the particle momenta equal or larger than the scale M, as for instance 
in leptogenesis scenarios, where the high energies of the early universe allow the heavy 
fields at the origin of neutrino masses to roam freely. 

To see what could be the nature and magnitude of the low energy effects associated 
to neutrino masses it is convenient to rephrase the above in terms of a generic effective 
low-energy theory. Effective theories allow rather model-independent analysis based 
on the fundamental symmetries, while only the coefficient of the effective operators 
are mo del- dependent. The impact at low energies of the heavy fields present in the 
putative high-energy theory can be parametrized, without loss of generality, by an 
effective Lagrangian including: 

• Corrections to the parameters of the SM Lagrangian. 

• The addition to the SM Lagrangian of a tower of non-renormalizable higher- 
dimension operators, invariant under the SM gauge group. The latter are made 
out of the SM fields active at low energies and their coefficients weighted by 
inverse powers of the high scale M, 

C,s = CsM + 5C''=' + + (1) 
The only possible dimension 5 (c? = 5) operator is the famous Weinberg operator [1], 
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where stands for the lepton weak doublet^, greek letters denote flavour indices and 
(p is related to the standard Higgs doublet cf) = (</>"'", 0°) by = zr20*. Finally, c^^^ 
is a coefficient matrix of inverse mass dimension, i.e. 0{1/M) . This operator is not 
invariant under the B — L symmetry, with B and L denoting respectively baryon and 
lepton number, which is an accidental symmetry of the SM. Upon electroweak sym- 
metry breaking, < 0° >= f/-\/2, v = 246 GeV, this term results in Majorana neutrino 
masses. Such a d = 5 operator is characteristic of all theories with Majorana neutrino 
masses, such as for instance the minimal (type I) Seesaw model [2]. Therefore, the 
knowledge of doesn't allow to discriminate between these models. It is very sug- 
gestive that the lowest-order effect of high-energy beyond the Standard Model physics 
may be neutrino masses. There is no hope to see any other low energy effects, e.g. zero 
distance effects, associated to this operator. These effects are necessarily tiny since 
neutrino masses - which fix the coefficients - are tinj{§. 

The case of the dimension six {d = 6) SU{3) x SU(2) x f/(l) invariant operators is 
different, though. There is a plethora of such operators [3]. Different classes of models 
result in different d = 6 operators. Their identification and eventually their experi- 
mental selection is then a very important tool to discriminate the origin of neutrino 
masses. An important property of these operators is that their coefficients are not 
necessarily as suppressed as that for the d = 5 operator and, therefore, may lead to 
observables low-energy effects. The point is that all d = Q operators preserve B — L, 
in contrast with the unique d = 5 operator above. This suggests that, from the point 
of view of symmetries, it may be natural to consider large coefficients for the d = 6 
operators resulting from the new physics, while having small coefficients for the B — L 
odd operator. Such a possibility would require to decouple the coefficients of the d = 6 
operators from that of the d = 5 operator responsible for neutrino masses. 

The first purpose of this work is to identify the effective d = 6 operators which are 
characteristic of Seesaw models (Section 2). In the latter, the tiny neutrino masses 
naturally result from the tree-level exchange of heavy particles, which may be either 
fermions or bosons. The exchange of heavy SM singlet fermions is the essence of the 
minimal Seesaw model (type I) and its generalizations. Analogously, the exchange of 
heavy SU{2)l scalar triplets is another possibility which has been widely explored, 
as in the type II Seesaw model and its generalizations [1]. SU{2)l fermionic triplets 
may also mediate light neutrino masses (type III Seesaw) El El El IS] • Most beyond 
the SM theories with Majorana neutrino masses typically incorporate one of these 
mechanisms or combinations of them: the lessons learnt from their study should be of 
extensive relevance. We will thus discuss the effective low-energy Lagrangians for the 
three generic cases: heavy fermion singlets, heavy scalar triplets and heavy fermionic 

^The charge-conjugate spinor is denoted ip'^ = Cip , where T denotes transposition and C charge 
conjugation. 

^Notice that neutrino masses have been detected in neutrino oscillation experiments, which in fact 
measure differences between the square of neutrino masses. That is, if the neutrinos are Majorana 
particles, the experiments have already measured an effect suppressed as (c^^^)^ ~ instead of 

1/M and thus quantitatively alike to that from generic dimension six operators. 
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triplets, illustrated in Fig. [TJ 

Next, in a second stage (Section 3) we consider the possibility that the d = 6 
operators are not as suppressed as the d = 5 operator, so that observable low-energy 
effects may be expected. Since these operators are suppressed by this requires 

a value of M not far beyond the electroweak scale. We consider this possibility, which 
is not excluded at all and may even be supported by hierarchy arguments. It will 
then be shown that in order to have observable low energy effects, it is necessary and 
possible to decouple and suppress the coefficient of the d = 5 operator relative to the 
d = 6 operator coefficients, in a way which accommodates tiny neutrino masses while 
allowing large Yukawa couplings. It will be shown that such decoupling requires a 
common and rather model-independent pattern, which we identify. 

In a third stage (Section 4) and independently of how large is the scale M, we 
analyze the long list of phenomenological signals which may arise in each of the three 
models considered, such as signals associated to non-unitarity or other effects in differ- 
ent observables: neutrino oscillations, lepton and gauge-boson decays. From present 
data, limits will be set in all models on the coefficients of the d = 6 operators. From 
them, we derive systematic tables of bounds on the Yukawa couplings in each of the 
Seesaw models. Expectations for the sensitivity of future experiments will be explored, 
including the contributions to li — > Ij'j. We show that, in case the decoupling pattern 
mentioned above occurs, the limits can be saturated if M is still larger than but close 
to the electroweak scale. The possibilities for direct or indirect discovery of the origin 
of neutrino masses at the LHC or ILC will be (briefly) discussed. 

An important phenomenon at the origin of many of the potential low energy effects 
is non-unitarity of the leptonic mixing matrix. Special emphasis will be set on analyzing 
whether Seesaw models induce at low energies a non-unitary leptonic mixing matrix. 
It is expected in all generality [10] that the tree-level exchange of heavy fermions 
(scalars) will (not) induce it. Indeed, only leptons can mix with other fermions leading 
to (unitary) mixing matrices of dimension larger than 3, while the submatrix for the 
light fields needs not be unitary. In a more technical view, the exchange of heavy 
fermions among light leptons can be understood from the expansion of the heavy field 
propagator in powers of 1/M, 

' 4 + + (3) 



p-M M M 

The first term in this expansion is a scalar operator, which flips chirality, generating 
for instance a light neutrino mass term. The second term, instead, preserves chirality 
and induces a correction to the kinetic term for the light fields. The recovery of canon- 
ically normalized kinetic energies for the latter requires in general a flavour- dependent 
rescaling, which is a non-unitary transformation, surfacing as non-unitary mixing ma- 
trices in the leptonic weak currents [10]. Non-unitarity of the leptonic mixing matrix 
is therefore a basic property of models where masses are induced by heavy fermions. 
In contrast, in scalar-mediated mechanisms, all terms in the scalar propagator change 
chirality and thus cannot induce non-unitary mixing at tree-level. The minimal (type I) 
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Seesaw model has been previously shown ^1] to induce a non-unitary leptonic mixing 
matrix. In this work we will explicitly analyze the issue for the other types of Seesaw 
models. 




Figure 1: The three generic realizations of the Seesaw mechanism, depending on the 
nature of the heavy fields exchanged: SM singlet fermions (type I Seesaw) on the left, 
SM triplet scalars (type II Seesaw) and SM triplet fermions (type III Seesaw) on the 
right. 
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2 The basic Seesaw scenarios 



Let us analyze separately the three different minimal models which result from adding 
either fermionic singlets or scalar triplets or fermionic triplets to the minimal SM field 
content. It is expected that the lessons obtained from the analysis of the three basic 
models will hold as well for their possible generalizations, extensions or embeddings in 
larger theories. 



2.1 Fermionic singlets: Type I Seesaw 



As this case has been previously studied [TT], only the main results are resumed here 
for completion. The minimal Seesaw Lagrangian is the most general renormalizable 
Lagrangian which can be written for the SM gauge group adding only right-handed 
neutrinos to the SM fermion content of the theory. The leptonic Lagrangian of the 
Seesaw model is given by 

r — rKE , --SB 

■^leptons -^leptons -^loptons' V^l 

where 

-^^bptons = iTLJl)iL + ieRpeR^il^RpNR (5) 

contains the kinetic energy and gauge interaction terms of the left-handed lepton dou- 
blets the right-handed charged leptons e/j, the right-handed neutrinos Nji and 

-^fe^ton. = -4 n - 4 iV^ - i iVfi M^, Nr' + h.c. (6) 

contains the Yukawa interactions with coupling Yat and the Majorana mass term of the 
gauge-singlet right-handed neutrinos, corresponding to the new physics scale (s) M^. 
Flavour indices are implicit in these expressions and we will work in a basis in which 
Mjq is a diagonal complex matrix. 



2.1.1 Dimension 5 operator 

In the flavour basis, the resulting d = 5 operator coefficients are given in terms of the 
parameters of the high-energy theory as (see Fig. 1) 

c'-' = Yl^Y^. (7) 

Upon electroweak symmetry breaking, it leads to a Majorana mass matrix for the light 
neutrinos of the form 

(8) 

For values of the Yukawa couplings Yat of order unity, the tiny experimental values of 
neutrino masses require a scale M^v suggestively close to the Grand Unification scale. 
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2.1.2 Dimension 6 operator 



In Ref. [TT], the d = 6 low-energy effective theory, SC^ ^, was determined to consist at 
the tree level of the unique operator 

5C''=<' = cif (Q) (^4>^iLp) , (9) 

where the d = 6 operator coefficients are given in terms of the parameters of the 
high-energy Seesaw theory by 

which is of the same order in Yukawa couplings than its d = 5 counterpart, Eq. ([7j), 
while quadratically suppressed in I/Mat. When the Higgs doublet acquires a vacuum 
expectation value, this d = 6 operator leads to corrections to the d = 4 kinetic energy 
terms for the left-handed Majorana neutrinos, which result in a non-unitary low-energy 
leptonic mixing matrix ^U\. Indeed, the neutrino Lagrangian for the effective theory, 
including only d < 6 operators and disregarding couplings to the physical Higgs parti- 
cle, is given by 

where 

e^^^c^-^ (12) 

is the contribution of the d = 6 operator coefficient to the left-handed neutrino kinetic 
energy, which is non-diagonal in flavor space. Let us then go to a basis in which the 
neutrino field is rescaled, so that the neutrino kinetic energy is canonically normalized: 
at order (9(1/M^), the transformation 

^La ^La= i^cp + e^p)^ Ulp (13) 

results in a Lagrangian in the flavour basis which, at this order, takes the form (primes 
will be omitted in the following), 

-^fcptons = i^a^^La + ika^ka - ^ ^^aP l^Lp + h-c] - Lmiaph + + £jVC + ^em ,(14) 

where mi is the charged lepton mass matrix and 

I^CC = -^llaW" (^^ap - ^^ap^ ^Lp + h-C , (15) 

J^NC = ^ I ^ [^alf, {Sap - ^ap) ^Lp " /LaT/x^La] ~ siu'^OwJ^''' \ , 

r — p /1M 
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with J^*" = —l"^^! denoting the electromagnetic current. We can now rotate to the 
basis in which the mass matrices are diagonal, 

^feltons = - ^tr) + \h i^P - mtr) k + Ccc + C,NC + C,em ■ (16) 



Now, because of the flavour- dependent fleld rescalings involved, the usual Upmns ma- 
trix appearing in the charged-current coupling is replaced by a non-unitary matrix 

N^n[l-'^^U\ (17) 

where diagonalizes the neutrino mass matrix and ^2 = diag(e*'^i, e*'^^, e*'^^) reabsorbs 
three unphysical phases in the deflnition of the charged lepton fields, as usual. Details 
of the procedure can be found in Appendix A. Notice that, as does not depend on 
c"^"^ at (9(1/M^), in a flavour basis in which VL is the identity matrix, would read 

A^ = (l - Upmns (18) 

and consequently NN^ = (1-e^), N^N = Ul,;,jj^s{l-e^)UpMNS, within the C(l/M^) 
considered in this work. 

Whatever the flavour basis, in the mass basis the weak currents read now 

J;^^ = eZ^lf^N^iUi, (19) 
= \vn,{N^N),,v,, (20) 

where A^^ia N^j 7^ 5jj appears in the neutral current since A^ is not unitary, while 
the neutral current for charged leptons is the standard one. Accordingly, the Fermi 
constant measured in experiments, Gp-, cannot be identifled anymore with the SM tree 
level combination Gp^ = \/2g'^/{8M^) = -^75^, due to non-unitarity. For instance, 
the Fermi constant Gp extracted from the decay /i — > u^eue is related to Gf-*^ by [10] 



Gp = y (A^A^t)^^(Arivt)^^ . (21) 

The rest of the parameters of the Lagrangian coincide with those in the standard 
treatment. It is remarkable that putative departures from unitarity of the leptonic 
mixing matrix can be now directly related to the d = 6 operator coefficients and thus 
to combinations of the high-energy parameter^. 



•^In the flavour basis above mentioned, in which N is given by Eq. (fT5)) and the matrix Q. is the 
identity, the absolute- value bars can be dropped: {NN^ — l)^^ — ^ ~ \ 0^N~^^~^N)ai3 ■ 
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In Sect. 14.11 the present numerical constraints on |c°'"^| will be explored. For Yukawa 
couplings Y]y ~ C'(l), the coefficients of the d = 6 operator are basically the square 
of those for the d = 5 operator, as Eqs. ([7]) and ffTOj) show. The smallness of neutrino 
masses then requires e.g. M^r ^ v, which precludes the observation of exotic effects in 
present and planned facilities for the minimal model discussed in this Section. There 
are, however, situations in which Yn ~ 0{1) can be accommodated together with 
Mat ~ 0(TeV) and without fine-tunings, leading to observable effects in the near 
future, as it will be discussed in Section [31 



In Ref. [TT], it was shown that the low-energy effective theory including only the 
d = 5 and d = 6 operators contains an equal (a greater) number of real and imagi- 
nary parameters as the high-energy Seesaw model, when the number of right-handed 
neutrinos in the Seesaw theory is equal to (less than) the number of generations of 
Standard Model fermions. Thus, the determination of all d = 5 and d = 6 opera- 
tor coefficients above would suffice a priori to determine all of the parameters of the 
high-energy Seesaw theory. In consequence, for instance, the leptogenesis rate can be 
written exclusively in terms of both operator coefficients [TT] . Other d = Q operators 
will be also present in the low-energy Lagrangian, since they are generated by radiative 
mixing of the above d = 6 operator in the renormalization group running between the 
high-energy and low-energy scales. The effects of these other d = 6 operators are in 
consequence subdominant [11] and will not be further considered. The same statement 
will hold for all Seesaw theories considered in this work. 



2.2 Scalar triplets: Type II Seesaw 

Assume now that the minimal SM matter content is enlarged only by the addition of 
a SU{2) triplet of scalar fields A with hypercharge 2, 

A = (Ai,A2,A3), (23) 
whose relation to the physical charge eigenstates, 

(A++ , A+ , A° ) , (24) 



is given by 



A++ = ^(A^ -zA'), A+ = A^ A° = ^(A^+iA"). (25) 
V 2 v 2 



In the minimal Lagrangian, gauge invariance allows a Yukawa coupling of the scalar 
triplet to two lepton doublets, 

Cp" = 4Fa(^- A)4 + h.c., (26) 
as well as a coupling of the scalar triplet to the Higgs doublet, 

/iA0t(r ■ A)t0 + h.c. . (27) 
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In these equations Tj are the Pauh matrices, Ya is a symmetric matrix in generation 
space and £l = iT2{^'LY (i-e. 4 = —lJ^CiT2). The minimal Lagrangian then writes: 



-| A^AfA^A + (At a)' + A3 (0t0) (At a) + ^ (Atr a)' + A5 (At^ a) 0t 



where summation over the SU{2) indices i is assumed. We choose to work in a basis 
in which A^a is real and diagonal and the covariant derivative in Eq. fl28l) is given 
by 



D^ = df,-igTW^-tg'Bf, 



Y 
'2 



(29) 



with T denoting the dimension-three representations of the SU (2) generators, 

/ \ 
Ti = ( I , T, 






(30) 



The Lagrangian expressed in terms of the charge components of the A field can be 
found below, in Eq. (!96l) . Consider the limit in which the triplets are heavy, A^a ^ v. 
To solve the equation of motion for A° in Eq. (128|) and find the dominant terms of the 
effective low-energy Lagrangian up to d = 6 operators, it suffices to solve the problem 
perturbatively in the quartic couplings of A, A2 and A4. At zero order, it results: 



iD^f + \,T<P^r<P+{M^' + \3 



.1 



isospm 



a/3 



fxl<phP^ + hYyij] .(31) 



2.2.1 Dimension 4 and 5 operators 

Expanding now the effective Lagrangian - using Eq. (1311) - in inverse powers of Ma, 
one dimension four operator emerges: 



Ml 



T < 



Ml 



(32) 



We also obtain SC^ ^ as given in Eq. ([2]), with operator coefficients given by the matrix 



d=5 /^A 



4rA 



Mi' 



(33) 



which at low energies leads to a light neutrino Majorana mass matrix of the form 



Ml- 



(34) 
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Notice that neutrino masses turn out to be proportional to both Ya and //a, see Fig. 1. 
This is as expected from the Lagrangian, Eq. fl28l) . where the breaking of lepton number 
symmetry L results precisely from the simultaneous presence of the Yukawa and fi^ 
couplingcl • It is important that, unlike for the fermionic Seesaw theories, the light 
neutrino mass matrix in Eq. flM|) is only linearly dependent on the Yukawa coupling 
Fa- This means that the putative determination of the d = 5 operator coefficients 
gives a direct access to the fundamental parameters Ya of the high-energy theory, up 
to an overall scale /ia/M^. We will analyze in Section |4] the experimental access to 
/xa/M^ and to the elements of Y^. 



2.2.2 Dimension 6 operators 

From Eq. (13T|) . the d = 6 effective Lagrangian can also be obtained, 

6C4F + SC^D + S^6<t> , 



(35) 



where 









■ 5Cq^ = 


-2 (A3 


+ A5 




Mi [ 





I/'AP 



M 



(36) 



with the covariant derivative expressed in terms of (3 x 3) SU{2) generators, as in 
Eq. ( l29l] FI. Two of these operators can be rewritten in a more familiar form. After 
Fierz transformation, SC^f can be expressed as 



5C 



1 



4F 



Ml 



>Aij>AL/3 {^Lpl/u) {hali^hj) 



(37) 



while the last operator in Eq. ( l36|) can be recast as a combination of other operators 
which have been extensively studied in the literature (e.g. [3]), 



(j>D 



l/iAl 

Mi 



(0t0) (D^0)t(Z}^0) 



l/MT 
Mi 



where the covariant derivative is meant to be expressed in terms of Pauli matrices, 

D, = d^- ig^W,, - iq'bJ^ . (39) 



"'in the language of the full theory, this mass results when the neutral component of A acquires 
a vev < A° >= = n^v-^ / {V^MD , leading to a Majorana mass matrix for the SM neutrinos, 

nil, = — SYa u. 

^The first of these operators has already been derived in [12]. 
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2.2.3 Renormalization scheme 



Four parameters of the SM are relevant to our discussions (in addition to fermion 
masses): g,g',v and A, the latter denoting the quartic self-coupling of the Higgs field, 



V = + m\ (40) 



To constrain the first three parameters, we will work in the Z-scheme [13], that is, we 
will use as input parameters the very-well determined experimental values of the fine 
structure constant a - as determined from Thompson scattering-, the Fermi constant 
Gp - as extracted from the muon decay rate by the removal of SM process-dependent 
radiative corrections -, and the very precise measurement of Mz [H]. The value of a is 
not affected by the presence of a scalar triplet, unlike the other parameters. Mz gets 
a correction from dC^po in Eq. (l36l) 



^ = 2.^^!. (41) 

Similarly, the 4-fermion operator 6C4F affects the extraction of the value of the Fermi 
constant from muon decay. Defining, as it is customary, this constant as the coefficient 
in 

- ^ {h.,l,h,) {he7,h.J , (42) 

it is easily seen that SC4^f in Eq- fl371) induces in turn a shift with respect to the 
"Standard Model definition" Gp'^-' = l/(-\/2t;^)0, which affects the value extracted from 
muon decay. 



Gf = Gf^ + 5Gf . (44) 

The quartic self-coupling of the Higgs field is also renormalized by the dimension four 
operator obtained in the effective theory, Eq. (132|) . 

«^-2^, (45) 

influencing the location of the minimum of the Higgs potential. Another d = Q opera- 
tors, 5Cq^ in Eq. ( l36l) . also modifies the Higgs potential, which all in all becomes 



V 



-/.^ 101^ + (A + 5\) |0r + 2 (A3 + A5) ^ I0r , (46) 



^An even more precise determination is now available from g — 2 of the electron |14| . 
_ ,2 

Note that with a scalar triplet ^ saP" '^^'^ scalar triplet induced Mw shift, see below. 
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3.'^^-^L^. (47) 



inducing a shift in the vacuum expectation value of the Higgs field 

_o 2 l/^Ap (A3 + A5 ) 

Mi \ + S\ 

Using all these renormalized parameters, in Sect. 14.21 we will consider the deviations - 
with respect to the SM predictions - induced by the new physics on the values taken 
by a variety of physical observables. 

Finally, as regards the relative number of parameters in the high and low energy 
theories, the inclusion in the latter of only the d = 5 and d = Q operators above does 
not suffice to match the number of free parameters of the full scalar-triplet Seesaw 
theory, as can be easily deduced from the comparison of Eq. (128!) with Eqs. (135!) and 
( !36|) . Up to d = 8 operators would have to be considered for this purpose, which is 
beyond the scope of the present work. 



2.3 Fermionic triplets: Type III Seesaw 

Consider now the SM field content extended by the only addition of fermions which are 
triplets of SU{2) with zero hypercharge, hereafter denoted by S, where the vectorial 
character refers to its three S'[/(2)-components, E = (E^,E^,S^). Being S in the 
adjoint representation of the gauge group, its Majorana mass term is gauge invariant 
and the interactions are described by the Lagrangian 

Cj: = tI^p^R-[^I^Mj,^%+I^Y^{^^fiL) + h.C.]. (48) 

In this equation, the covariant derivative is given by Eqs. (l29l) and (130|) and the three 
SU (2)-components of the field S have (identical) Majorana mass terms. They are not 
eigenstates of the electric charge, which would be given instead by the combinations 

S^^^l^ , E°^S3. (49) 

We will work throughout in a basis in which M-£ is a diagonal matrix in generation 
space. The Yukawa coupling in Eq. fHHjl is then a general matrix in generation space. 
After electroweak symmetry breaking, this term induces Majorana neutrino masses for 
the left-handed neutrino fields of the SM through the exchange of E particles, see 
Fig.m 

2.3.1 Dimension 5 operator 

Solving the equations of motion, it results that 

Ek = Pg \iP' a/e|-' [K^tfft + yv 
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where i,j are SU{2) indices, i,j = 1, 2, 3. This allows to obtain the d = 5 operator in 
Eq. ([2]), with coefficient matrix given in this case by 

which leads at low energies to a light neutrino Majorana mass matrix of the form 



2.3.2 Dimension 6 operator 

At the next order in the effective Lagrangian, we obtain a unique operatoil^ : 

5£'^=6 = cif (7^t4>) ip[4>^fiLp) , (53) 

where the d = 6 operator coefficients are given in terms of the parameters of the 
high-energy Seesaw theory by 

Notice the large parallelism between the results for this Seesaw scenario mediated by 
fermionic triplets and those for the minimal Seesaw based on the exchange of fermionic 
singlets, Eqs. ([7]) and (!9|)- (fT0|) . The main difference is that, now, in the d = 6 operator 
in Eq. (153|) the interaction terms in the covariant derivative are active, as the quantities 
in brackets are SU (2) triplets, which amounts to a richer interaction pattern. 

A ffist consequence is that, when the Higgs doublet acquires a vacuum expectation 
value, the d = 6 operator corrects both the d = 4 kinetic energy terms of light leptons 
and their couplings to W bosons, while no corrections to the hypercharge boson 
appeared, because the combinations in brackets in Eq. (153|) have zero hypercharge. 
After electroweak symmetry breaking, the part of the effective Lagrangian concerning 
leptons is, in the flavour basis. 



where 



^ ^c^-^ , (56) 



We thank S. Antusch for helping to clarify the derivation of this operator in an early stage. 
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with d^^^ as defined in Eq. fl5^ and m/ denoting the charged lepton mass matrix. 
We assume hereafter a choice of basis in which both m/ and are diagonal. The 
neutrino and charged lepton fields need now to be normalized in order to acquire 
canonically normalized kinetic terms. At order i.e. linear in the parameters e^^, 

the redefinitions 

^Lo, ^La = {^0.13 + ef/j) , (57) 

results in a Lagrangian in the flavour basis which, at order (9(1/M^), takes the form 
(primes on the fields will be disregarded), 



- pi?Q kp + h-c] + Ccc + C,NC + i^em , (5J 

where ml = (1 — e* /2)m^{l — e/2), = m;(l — e) and 



Ccc = -^^LaW~ \^c.(3 + ^e'^pj T^Lfi + h-C , (59) 



•"—em ^"^/i * 



where J^™ = —I'j^l is the electromagnetic current. We can finally rotate to the basis 
in which both the lepton kinetic energies and their mass matrices are diagonalized (for 
details see Appendix A), 

^Stons = {^P - '^i + \h (iP - "^fr) h + ^CC + CnC + Cem ■ (60) 

A non-unitary mixing matrix replaces now the usual unitary Upmns niatrix in the 
charged current couplings contained in Eq. fl60|) . because of the flavour-dependent field 
rescaling involved, while the couplings to the Z boson acquire also a non-unitary mixing 
pattern, 

J;"""" = hl.Nu, (61) 
J^(neutrinos) = hy -f^{N^ N)^^ u , (62) 

Jj(leptons) = ^l^^iNN^yi. (63) 

The non-unitary mixing matrix is a function of the d = 6 coefficient matrix 

N = nui^(^l + ^e^^ U" , (64) 
16 



where, once again, Q = diag(e*'^^, e*'^^, e*'^^) reabsorbs three unphysical phases in the 
definition of the charged lepton fields, and the matrices and [/| diagonahze the 
effective leptonic mass matrice^, m^'^^ = U'^'^ nii, , mf^^^ = f/jj^ m/ (1 — e) f/| (see 
Appendix A). When the flavour basis chosen is such that both f/| and Q are equal to 
the identity matrix, and taking into account that If^ does not receive corrections from 
0"^=^ at C(l/M|) , N simplifles to 

N=(^l + ^e^^ UpMNS (65) 

and, consequently, NN'^ = A^'I'A^ = Upj^jj^g{l+e^)UpMNS- These expressions can 

be compared with the equivalent ones for the singlet-fermion Seesaw theory, Eq. (fT8|) 
and below it. Whatever the basis, the currents in Eqs. (l6Tl) - (!63l) can also be compared 
with the corresponding ones for the singlet-fermion Seesaw theory, Eq. (1191) and (1201) . 

A non-unitary mixing pattern has appeared in both cases, although the modified Z- 
neutrino couplings differ and non-unitary flavour mixing is now also present in the 
Z- charged lepton couplings. 

An important consequence of the flavour-changing W- and Z-lepton couplings is 
their contribution to muon decay into electron plus missing energy, which modifles the 
definition of Gi? as extracted from muon decay, as follows: 



Gf = or \j{Nmu{Nm),, + \[{Nm)i^f ~ ^JiNmuNW),,, (66) 

where higher order correction, C)((e^)^), have been neglected in the last step. Its 
phenomenological consequences will be explored in Sect. (14.31) . 

Finally, in analogy with the case of the fermionic singlet Seesaw theory, it is remark- 
able that departures from unitarity of the leptonic mixing matrix can be now directly 
related to the d = 6 operator coefficients and thus to combinations of the high-energy 
parameters. 

Once again, in the fiavour basis in which Q and f/| equal the indentity matrix, the 
absolute- value bars in this equation can be dropped. In Sect. I4.3l the present numerical 
constraints on \c'^^^\ will be explored. 



2.3.3 Parameter counting 



Finally, it can be shown that the low-energy effective theory, including only the d = 5 
and d = 6 operators, contains in this case an equal (greater) number of real and 

^ Within the order used throughout, the mass eigenvalues are defined at first order in it and thus 
the eigenvectors should be consistently defined at order zero in that expansion. As a consequence, any 
representation of the leptonic matrices ^ which diagonalizes the mass matrix has to be physically 
equivalent to the identity. 
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imaginary parameters as the high-energy Seesaw model, when the number of right- 
handed fermionic triplet generations in the Seesaw theory is equal to (less than) the 
number of generations of Standard Model fermions. The demonstration is equivalent 
to that in Ref. [TT] for the case of singlet-fermion Seesaw theory. The kinetic energy 
terms in the Lagrangian, Eq. fl48l) . are invariant under the chiral transformations 

h VdL. 

eR Ke/j, (68) 

where the ^'s are unitary transformations. Consider first the complete theory with 
n lepton families and n' right-handed fermionic triplets. The Yukawa terms and the 
Majorana mass term are not invariant under such chiral symmetry, but invariance can 
be recovered if they are considered as spurion fields transforming as 

Ye ^ Y^ = V,YeV}, 

^ Y^ = Vj,Yjy}, (69) 

Counting how many physical parameters Nphys are needed to describe the Yukawa and 
Majorana mass terms in the Seesaw Lagrangian is tantamount to counting how many 
equivalence classes there exist with respect to these transformations. The result is 
given by 

Nphys = A^ordcr " (A^G " Nh), (70) 

where iVordcr is the total number of parameters contained in the Yukawa and Majo- 
rana mass matrices, Nq is the number of parameters contained in the matrices of the 
chiral symmetry group G = U{n)i x U{n)f. x U{n')]\f. Nh is the number of parame- 
ters contained in the matrices of the subgroup H of the chiral symmetry group which 
remains unbroken by the Yukawa and Majorana mass matrices: in the present model 
there is no unbroken subgroup H because of lepton number violation. Table [1] summa- 
rizes the result for the high-energy theory. This is to be compared with the effective 
low-energy Lagrangian including operators of c? < 6. It is invariant under the chiral 
transformations only if 

c'^=6 ^ Vtd^=^V} . (71) 

d^^^ is a complex symmetric matrix and c'^^^ is a complex hermitian matrix and since 
the dimension 5 operators breaks lepton number, there is no unbroken subgroup that 
remains. The corresponding counting of parameters is shown in Table [2], to be com- 
pared with that in Table [1] for the high-energy theory. Thus, the determination of all 
d = 5 and c? = 6 operator coefficients above would again suffice a priori to determine 
all of the parameters of the high-energy Seesaw theory with two or three heavy neu- 
trino generations. In consequence, for instance, the leptogenesis rate could be written 
exclusively in terms of both operator coefficients [?] . 
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Seesaw Model 



Matrix 


Moduli 


Phases 


Ye 


n X n 


n X n 




n X n' 


n X n' 


Ms 


n'(n'+l) 
2 


n'(n'+l) 
2 




n{n~l) 
2 


n{n+l) 
2 


Vl 


n{n—l) 
2 


n(?i+l) 
2 




n'(n'-l) 
2 


n'(n'+l) 
2 


^phys 


77, + ra' + nn' 


r2(r2' — 1) 



Table 1: Number of physical parameters, for n light and n' heavy neutrino generations. 

Effective Theory {d < 6) 



Matrix 


Moduli 


Phases 


Ye 


n X n 


n X n 




n(n+l) 
2 


n(n+l) 
2 




n(n+l) 
2 


n(n— 1) 
2 


K 


n(n— 1) 
2 


n(n+l) 
2 




n(n— 1) 
2 


n(n+l) 
2 


■^phys 


n(n + 2) 


n(n — 1) 



Table 2: Number of physical parameters, for n light lepton generations. 
2.4 Summary 

To conclude this Section, we have gathered in Table [3] the d = Q operators obtained 
for the three basic Seesaw scenarios, together with the corresponding expressions for 
the elements of the d = Q coefficient matrices. The elements of the d = b coefficient 
matrices are included as well. 
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Model 


Effective Lag 


rangian 




^d=5 




Of 


Fermionic Singlet 


vT 1 V 




'a/3 






Scalar Triplet 




1 V 






Mi 


(^tr^) (B;^^) 


-2(A3 + A5)^ 




Fermionic Triplet 






af3 









Table 3: Coefficients of the c? = 5 operator, c , and (i = 6 operators and their 
coefficients, c*^^^, in the three basic Seesaw theories. 



3 Low scale Seesaw M - OiJeV) 



3.1 Electroweak Hierarchy problem 



If the Seesaw scale is far above the electroweak scale, the theory clashes with the 
electroweak hierarchy problem, that is, the fact that data indicate a value for the 
Higgs mass of the order of the electroweak scale, v ~ (!?(100)GeV. Such a mass is 
unnaturally light if there is new physics beyond the SM and at a higher scale, to which 
the Higgs boson is sensitive. The three minimal scenarios considered in the previous 
Section do face this problem if the new scales are much larger than the electroweak 
scale V. 

Indeed, for the Seesaw Type I, the one-loop contribution to the Higgs mass has 
been computed long ago [16], 



4^ 
167r2 



2A^ + 2M^log^ 



(72) 



while in the case of the scalar-triplet (type II), we find that the contribution is given 



167r2 



3A3(A'-Mllog 



Ml 



12|/iAplog 



Ml 



(73) 



^"No dependence on the quartic coupling A5 of the Lagrangian Eq. (|28|) appears, as the Higgs fields 
are combined in this term in a triplet of SU{2), while the Higgs mass is a singlet. 
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and, finally, for the fermionic-triplet Seesaw (type 111), we obtain 



I'M 



167r2 



2A2 + 2M|log^ 



(74) 



where A is the regulator cutoff. In these equations, terms proportional to v"^ and mf^ 
have been neglected. Eqs. (|72]) - (171|) all show a quadratic sensitivity to the new scales 
characteristic of Seesaw theories, implying that large fine-tunings would be necessary 
to accommodate the experimental data if any of the new scales introduced is much 
larger than v (or the Yukawa couplings are not extremely fine-tuned in Type 1 and 111 
Seesaw). 

For instance, imposing that the one-loop correction is not larger than the Higgs 
mass itself, let's say rriH = 150 GeV for definiteness, and should be below 
~ 10'^ GeV for Yukawa couplings of order ml^'^MU'^/v, while should be below a 
scale which depends on A3 and /iA- In any case, for scales not much larger than the 
electroweak one, the contribution of the Seesaw theory to the hierarchy problem would 
be obviously avoided. As a by-product, new exciting physics signals would then be 
expected at present and future experimental facilities. 

The question we wish to analyze now is whether it is indeed possible that nature 
has chosen the high energy scale M of the Seesaw scenario close to the electroweak 
scale, rather than to the Grand Unified scale, with 0{1) Yukawa couplings, without 
fine-tuning the parameters and in particular the Yukawa couplings. 



3.2 Direct Lepton Violation 

After all, the analysis of the previous Sections has shown that, while neutrino masses 
result from a lepton-number odd d = 5 operator, other manifestations of the new 
physics behind are encoded in lepton-number conserving d = 6 operators (as well as 
in higher dimensional operators). As lepton number appears to be an approximate 
symmetry of nature, it is natural to assume that it may be broken through small 
parameters - such as those responsible for neutrino masses -, while other beyond the 
SM effects of the high-energy theory, which are lepton-number preserving, need not 
be strongly suppressed. The choice of such a L-odd small parameter may be thus a 
natural one, as it corresponds to the breaking of a symmetry and its value cannot be 
destabilized by other large scales of the theory through radiative corrections, because 
by nature it can only be multiplicatively renormalized. 

Assume thus M {Mjy, Ma, M^) to be higher but not far from the TeV scale. The 
issue is then whether it is possible to decouple and further suppress the coefficients of 
the d = 5 operators from those of the fermionic d = 6 operators, without appealing 
to fine-tunings and cancellations in the Yukawa parameters or heavy mass matrices lj. 

^^Although operators of dimension higher than six are increasingly relevant as the scale is lowered 
toward the electroweak scale, an analysis restrained to the d = 5 and d = 6 operators should still 
convey the main physical aspects, as long as the scale keeps being larger than 0{v). 
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If this is possible, the tiny values of the neutrino masses could be accommodated, 
while the effects of the d = 6 operators - suppressed only as - would be close to 

observability 0. 

As a guideline to achieve such a scenario recall that, because Majorana neutrino 
masses are forbidden in the SM, light neutrinos inheritate their Majorana character 
from a Majorana source in the high-energy theory. This implies that light Majorana 
neutrino masses have to vanish either when the new Majorana scale goes to infinity and 
the new physics decouples, or proportionally to it. A quick look at Table [3|, together 
with the pattern of operator coefficients found for the case of scalar-triplet mediated 
Seesaw mechanisms, suggests the following ansatz: 

When the breaking of L symmetry takes place in the full theory through a small 
mass scale fi, distinct from the high-energy scale M ~ 0{TeV), fi -C M, the coefficient 
of the d = 5 operator necessarily acquires an extra suppression in powers of fi/M, while 
the fermionic d = 6 operators keep its unsuppressed dependence. 

As an example, a typical decoupling pattern goes qualitatively as follows: 

where / and g are some functions of the Yukawa couplings, implying a light neutrino 
mass matrix of the form 

2 M-'' ' ' 

while the effects of the d = Q operator, Eq. fl76l) . are independent of /i and may be sizable 
for generic Yukawa couplings, which may remain large and even 0{1). Notice that such 
dependence has already been found above for the minimal version of the scalar-triplet 
mediated Seesaw scenario (with / ~ 1a, 9 ~ ^a^a, = A^a), see Eqs. (l33l) and 
(!36|) . suggesting the possibility /iA -C Ma, Fa ~ 1- We call this universal pattern 
direct lepton violation., since the neutrino masses are proportional to the (small) lepton 
number violating quantity yU, rather than inversely proportional to the large lepton 
number violating heavy field mass. 



Multiple Seesaw models 

Let us consider, as illustration and support of our general ansatz, models existing 
in the literature and based on extensions of the type-I Seesaw scenario with a low 
scale. The examples considered below can be straightforwardly applied and extended 

^^Note that Ref. [IT] studied the effects of various higher-order operators in a completely different 
context: the dissociation of flavour violation scale and lepton number violation scale in extended 
theories, while we focus on the dissociation of d=5 and d=6 operators characteristic of the minimal 
seesaw models. 
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to the type-Ill - triplet-fermion mediated- Seesaw scenarios. We are thus interested 
in a class of models which, to lead to sufficiently suppressed neutrino masses and 
large d = 6 operators, do not require any precise cancellations between the various (a 
priori independent) entries of the singlet neutrino mass matrix and/or of the Yukawa 
matrix^. The cases considered below just require that some of the entries of these 
mass matrices carry Majorana character and are much smaller than other ones. For 
simplicity, only one left-handed neutrino and two singlet fermions will be included in 
the analysis (z/^, NpJ^2)- For instance, in the "inverse Seesaw model" [19], the following 
texture is assumeco: 

' niD, \ 
rriD, Mn, \ , (75 
Mn, J 

where /i is a small Majorana mass, fi <^ M^^ ■ All other entries in the matrix are of Dirac 
character: for /i = 0, assigning L = 1, —1, 1 to h'L,Ni, N2 respectively, lepton number 
is indeed conserved by the Lagrangian and no Majorana mass results. Expanding the 
eigenvalues of Eq. (175]) in powers of /i/Mtvi, a light eigenvalue is obtained: 

where higher order terms have been neglected. As m^i^ is a typical Dirac mass term, 
m/)i ~ Yiv/^/2 with Yi a Yukawa coupling, Eq. fl79|) shows that the neutrino mass 
is suppressed by an extra factor fi/M^^ with respect to the result for the minimal 
type-I Seesaw model, Eq. ([8]), exactly as expected from the general argument above, 
see Eq. ([77]): 

' Mf 

The smallness of neutrino masses, and the argument of no fine-tuning, do not require 
tiny Yukawa couplings. For instance, if the Yukawa coupling Y^,-^ is of order unity, i.e. 
nicii = Yy^v ~ V, and if Mj^^ ~ 1 TeV, this requires fi/M^^ ~ 10~^^. Similarly, for 
Mat^ ~ 1 TeV, a rather "large" Yukawa coupling of order 10""^ requires fi/M^^ ~ 10~^. 
On the other hand, the d = 6 operator coefficient is independent of fi, as in Eq. ([76]) . and 
low-energy effects associated to it - such as non-unitary mixings in the weak currents 
and other signals- could be discovered in the near future. 

These results can be generalized to the case with the most general matrices which, 
with large Yukawa couplings, still lead to vanishing masses from extra small entries, 
therefore leading to suppressed d = 5 operator coefficients together with large d = 6 
operator coefficients. For instance, in the two plus one z/ case above, the most 
general Majorana texture is the one in Eq. ([75]) with an additional non-zero value for 
the 22 element. This can be justified for instance in the context of extended models 
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Consequently, we don't consider cases such as, for example, that in Ref. [18j . based on the relation 



Y„YJ = and (MAr)y = ttinS: 
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We acknowledge interesting discussions on this topic with S. Antusch. 
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(see e.g. Ref. [20]). A non-zero 22 entry has the interesting feature of being a source 
of lepton number violation without inducing by itself neutrino masses: for fi = 
the determinant still vanishes leading to massless neutrinos. We will postpone the 
discussion of scenarios with a non-zero value for that entry to Appendix C , where 
a generalization to the 3 left-handed plus 3 right-handed neutrino case can also be 
found. Analogous extensions of fermion-triplet mediated type-III Seesaw models are 
straightforward. The interesting textures are just the same as in the type I (that is, 
singlet-fermion Seesaw) scenario. 

In conclusion, irrespective of whether the Seesaw mechanism results from the ex- 
change of heavy fermions or heavy scalars, to have large effects from d = 6 operators 
requires first to lower the scale M toward the TeV range and second a decoupling of 
the values of the d = 5 and d = 6 coefficients along the pattern developed above, i.e. 
Eq. (175!) and Eq. (1761) . This allows to account for the experimental values of neutrino 
masses without neither fine-tuning the Yukawa couplings nor assuming cancellations 
in combinations of them. For a Seesaw scale of 0(TeV), observable effects are then 
possible. The next Section - which deals with the phenomenological aspects of Seesaw 
models including bounds for any value of M - will focus on those effects. 
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4 Phenomenology of Seesaw models 



4.1 Fermionic singlets 

The models where the heavy fields are SM singlets are most difficult to test, as they 
lead to fewer and rarer experimental signals at low energies, even for low Seesaw scales. 
There exist, though, bounds on combinations of the Yukawa couplings which can be 
saturated for the type-I inverse Seesaw and similar extensions, as well as for models 
with extra dimensions containing Kaluza-Klein replicas which are SM singlets |21j . 

The bounds stem from important indirect signals which may be induced from the 
fact that the leptonic mass matrix appearing in the charged current is no longer unitary, 
see Section l2m This subject, as well as the determination of the corresponding bounds 
on iNN'^lafs, has been studied at length recently [10]. In a nutshell, deviations from 
the values expected in a unitary analysis are constrained to be of order 1% or smaller. 
Indeed, a global fit to the constraints resulting from W decays, Z decays, universality 
tests and rare lepton decays proved [TU] that the NN"^ elements agree with those 
expected in the unitary case, within a precision better than a few percent, at the 90% 
CL: 

^0.994 ±0.005 < 7.0 -10-5 < 1.6 ■ 10' 
\NN^^\ < 7.0 -10-^ 0.995 ±0.005 < 1.0 ■ 10" 

< 1.6 -10-2 < 1.0 -10-2 0.995 ±0.005^ 

The off-diagonal constraints in Eq. (IHT]) result from the experimental bounds existing 
on the radiative processes fi — > ej, r — >• 67 and r — > /i7, while the diagonal ones come 
from the combined analysis of all other processes mentioned above. Using now the 
relation obtained in Eq. (1221) between the elements of the coefficient matrix c'^^^ and 
those of NN\ it follows that 



2 ,,2 

2 2 ' |Mjv|- \ 1 . in-2 ]^ Q . ]^Q-2 




'c'=Xp = ^\Y^jj^YM\af^ < I 7.0-10-5 10-2 1.0-10-2 I . (82) 




When obtaining the numerical bounds in Eqs. (IHTj) and (1821) . the effective theory was 
used to compute /i — >• 67 and r — yU7, that is, the analysis was done in terms of c'^^^ 
and c'^^^. It is to be noticed that the computation of such one-loop transitions in the 
effective theory does not coincide exactly with that done in the full theory (i.e. type I 
Seesaw model), as higher dimension effective operators have to be taken into account in 
the matching between both. Numerically, the differences are of 0{1) and irrelevant for 
the precision attempted here, though. Furthermore, when computing these li — /27 
transitions - here and in the chapters to follow - we will not take into account the 
electromagnetic radiative corrections [22], as their inclusion would correspond to a 
two-loop calculation and numerically they will not change the order of magnitude of 
the bounds obtained. 
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Notice that the bounds above are vahd for any value of and apply to any (type 
I) Seesaw theory. In consequence, they apply to the inverse Seesaw model considered 
above, in which M^v could be near the TeV scale while the Yukawa couplings may be 
large, and signals could appear at the edge of the experimental limits above. New 
signals of CP-violation in neutrino oscillations, sensitive to the phases of c'^^^ may also 
be observable in future facilities [23] . 

As for direct detection of the heavy singlets in future accelerators in case M^r ~ 
1 TeV, several studies exist of the associated production of the heavy singlets and the 
Higgs particle, with difficult prospects for a positive signal [21] . 



4.2 Scalar triplets 

Using the experimental values for the renormalized parameters a, Gp and Mz as 
defined in the Z-scheme in Sect. 2.2, we will now consider deviations from the SM 
predictions for a set of observables. 



4.2.1 Mw and the p parameter 

The operator induces corrections to the predicted value of Mw and to the p param- 
eter, through the term [4)^D^(p\'^ [<i)^D^(i)\ in Eq 
is extracted from data using only hadronic transitionr'^^' 
from the SM prediction by 



5p] 



had 



P 72 



Mi Gf 



381) . When the p parameter 
its predicted value is shifted 

(83) 



a result previously obtained in the literature [25] . 

We find that the mass of the W boson is also predicted to acquire a shift from both 
Ccj,D and C^F in Eq- (!36|l . which is given by 



5M? 



w 



2M, 



w 



Ml 



2M, 



w 



Ml 



Mi 



w 



5Gi 

G F 



■{Ml -Ml) 



Gf\F1 V2GfMI 



(84) 



In this equation. My/ is to be identified with the SM prediction for the IV-boson 
mass in the Z-scheme, 



(M, 



SM\2 
W ) 



Ml 




Ana 



V2GfMI / (1 - Ar) 



^5) 



^'^It is customary to extract the value of p from a global fit to data, including simultaneously hadronic 
and leptonic transitions; if the latter were considered in the analysis, further corrections would appear 
in Sp, induced by SGf in Eq. ((43|) . 
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where Ar accounts for the dominant SM one- loop radiative corrections^ [T3], and Gp 
is extracted from muon decay, see Eqs. fHSj) and (jH]). 

The very precise experimental determination of the W boson mass allows to set 
stringent bounds on both terms in Eq. (!84|) . barring extreme cancellations between 
both. From the difference between the experimental value and the SM prediction of 
Mw obtained in the Z-scheme (M^^*^ = (80.4887 ± 0.0515) GeV) we obtain: 

|>A;.e|' = (0.00023 ± 0.00109) (j^) , (86) 

and 

- u^^^ = 0.0001368 ± 0.00032, or (87) 



Ml 



< 8.7 X 10-2 TeV" 



Notice however that the hadronic data on the p parameter allow to independently 
constraint ^a/MI. As an estimate, taking at face value the average experimental 
value of the p parameter (p = 1.0002±q;qqq4) as if it were indeed dominated by the 
hadronic contributions - which do not depend on the leptonic Yukawa couplings -, it 
would follow that 

-.2^ < 0.0001 ±°;rf . (89) 

The neutrino masses in Eq. ( !34l) are given by the square root of this ratio multiplied by 
Ya- For instance, m,^ ~ leV and Fa ~ C'(l) requires p^/Ml ~ lO'^^eV, well below 
the bound in Eq. ( IHHi) . while the lower limit of the bound can be saturated for values 
of Ya ~ 10^^. 



4.2.2 fj, eee and t ^ 31 decays 

6C4F in Eqs. ( 136!) and (!37|) induces exotic four-lepton couplings contributing to lepton- 
flavor violating processes. Notice that this operator does not depend on the scale /xa, 
so that the discussion is independent of it. Besides its impact on the determination 
oi Gp from muon decay, Eqs. (H3l) and (Hlj), it modifies the branching ratios for rare 
leptonic decays. The constraints implied by the present experimental bounds on these 
processes have been studied in models with a scalar triplet in Refs. |26j-|35j. 

Important decays are p~ — > e~^e~e~ and r 31, considered in the full theory with 
a scalar triplet in Refs. [271 IM] and from the generic leptonic d = 6 effective operator 
dC^F in Refs. [36]- [39]. In terms of the coefficient c^^^^ of this leptonic operator in 
Eq. dSS]), 



-"^^ While these corrections are important when compared to the total value of Mw, they can be 
dropped in Eq. (|84p. as we work at first order in all corrections. 
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we obtain 



which gives 

^ " ^ ~ r(/i- ^ e-u^V,) ~ Gl ~ M^Gp 



Similarly we obtain 
for any i and j, while 



for any i,j,k with j 7^ /c. Using all experimental branching ratios or upper limits 
on branching ratios as given in Ref. [11], the corresponding bounds on the Yukawa 
couplings are given in Table H] . For Yukawa couplings of order unity, the present non- 
observation of those LFV transitions, in particular of the most stringent one, — > eee, 
implies a lower bound on the scalar triplet Seesaw scale. 

Ma > 294 TeV , for ~ C(l) . (95) 



4.2.3 Complete Lagrangian and /i I2J 



It is useful to consider also the bounds which arise from the radiative decays ii — £27, 
although these processes cannot be obtained completely from the d = 6 operators 
because they are one-loop processes. Consider then instead the full high-energy La- 
grangian for the scalar triplet in Eq. (1961) . expanded into charge components: 



+ {(/?lAZ/i)A+ + {17^Y^eL)A+ + V2(17YaIl)A++ - V2{17^Yaul)A'' + h.c. 

+ |/iA (20V^A~ + V20V°A°* - V20+0°A"^) + h.c.} 

-Ma' (A°*A° + A-A+ + A-A++) - y (A°*A° + A-A+ + A-A++)' 



A. 



) (AO*A° + A-A+ + A— A++) - A4 [^(A°*A°)2 + i(A++A- 



A++A— (A+A- - A°*A°) + A+A-A°*A° - {A++A-A-A° + h.c.} 



A, 



(A++A— - A°*A°)(0+' 



V2- 



\A++A- 



A"*A~ 



(96) 
h.c.} . 
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Process 


Constraint on 


Bound (x(^)') 


Mw 




< 7.3 X 10^2 








e 




< 1.2 X 10^5 






^ e^e~ 




r^re r^Aee 


< 1.3 X 10-2 








>~ 


r^Ar/i r^A^^ 


< 1.2 X 10-2 






> fi^e" 


e~ 


r^Ar/i r^Aee 


< 9.3 X 10-3 






> e~^fi~ 


/i" 


r^Are r^A^^ 


< 1.0 X 10-2 






> fi^fi'^ 


^e^ 


r^Ar^i r^A^e 


< 1.8 X 10-2 






* e'^e~ 




r^Are r^A^e 


< 1.7 X 10-2 






67 




^i=e,/i,TyAl^^AeZ 


< 4.7 X lO--'^ 




T 






Si=e,^i,T^Al'T- ■^AeZ 


< 1.05 




T 






Sz=e,^t,r^A/r^A^tZ 


< 8.4 X 10-1 



Table 4: Bounds on Y/^^j from My^, Eq. 
from one loop li — > ^27 processes. 



from tree level — ^ £2 ^t^i decays and 



67, r 67, T 



/^7 



Radiative processes are due to the exchange between lepton fields of both the A"'"^ and 
fields, as given in Eq. (jHS]), and the branching ratios read [2H1EI1I31]: 



^ 487rl6 



GlMi 



-Br(/i —> euiUe) ■ 



(97) 



The corresponding bounds are also given in Table HI Combining all bounds of this 
Table, we have obtained new bounds for combinations of Yukawa parameters, not 
considered previously in the literature and gathered in Table 5. They show that, for 
low values of the Seesaw scale, the Yukawa couplings may be of (9(1), while they should 
be sizeably smaller by up to 2 orders of magnitude for some specific flavours, for an 
O(TeV) Seesaw scale. 



4.2.4 Other constraints 

There are also other bounds which arise from other processes, from Bhabha scattering 
PZl El EH (leading to the bound I^Aeel < 1-0 ■ (Ma/1 TeV)) , from muonium to 
antimuonium conversion [271 ES] (leading to the bound llAeell^A^^I < 0.1 ■ {Ma/1 
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Combined bounds 


Process 


Yukawa 


Bound (x(^)') 






< 4.7 X 10^3 


r ^ 67 


^A^r^Are 


< 1.05 




^A^r^Ar^ 


< 8.4 X 10-1 



Table 5: Bounds on combinations of lAij- 

TeV)^), and from the anomalous magnetic moment of the muon. The latter constraint 
comes from the fact that the doubly charged scalar A^^ as well as the simply charged 
induce a shift in the anomalous magnetic moment of the muon [32l [35] , 

2 2 

respectively. This contribution has opposite sign with respect to the observed deviation. 
Taking for instance S{a^) < 20 x 10"^°, we get Ej=e,/.'r I^a„ P < 1-9 ■ (Ma/1 TeV)^. 

4.2.5 Collider signatures of scalar triplets 

Scalar triplet Seesaw opens the possibility of observing new signals at present and/or 
future facilities. For instance, for Ia ~ C'(l), a positive observation of /i — 67 by the 
MEG experiment |10] (which aims to achieve 10"^^ sensitivity for the branching ratio) 
would require 

15 TeV < Ma < 50 TeV , (99) 

while Ya ~ O{10-^) would require 0.15 TeV < Ma < 0.5 TeV. If Ma turns out 
to be as low as 0(TeV), the non- vanishing electroweak charge of the A field offers 
the possibility of clean signals in hadronic accelerators (Tevatron, LHC). The produc- 
tion (or associated production) of A"^"*" and A particles, and their subsequent decay 
in pairs of same-sign leptons, would constitute striking signals, free from SM back- 
grounds [m II2] . A lower bound on the mass of A^^ of the order of 136 GeV has been 
obtained at CDF [33]. Assuming that a boson with those characteristics is indeed ob- 
served in an accelerator, one still needs to ascertain whether a scalar-mediated Seesaw 
mechanism is indeed at work. For that, and as a first step, it is necessary to measure 
and disentangle the Yukawa couplings appearing in Tables |4] and 5. In order to extract 
values for the individual Ya^j, it would be necessary to observe in addition at least 
three lepton flavor violating processes. 

The first term in the Lagrangian in Eq. fl28l) generates tree- level vertices A^^iy^iy^ 
and A'^W^Z, which would be detected by observing for instance A++ —>■ W~^W~^, 
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A++ , Z* ^ A+M/-, or A+ ZW+ . The analysis of some of these pro- 
cesses has already been covered in [H], [15], for the LHC Once produced by Drell-Yann 
processes [qq A A^+), with production cross-section given in Refs.jHl |12], the 
A"'"^ (A ) can decay into pairs of Ws of the same charge (A^''' W'^W^), for which 
the decay rate is proportional to or into leptons U.lj of the same charge, 

with a decay rate proportional to MA|yAijP- Finally, the A^"*" (A ) particle can also 
decay into a charged Higgs and an off-shell W gauge boson, as in A (j)~W*~ . The 
decay rate of the latter process is suppressed when compared to the previous ones, un- 
less the A5 coupling in Eq. (!28|) takes an unnaturally large value [H], [16]. Due to the 
constraint obtained in Eq. (ISSil . the process A — s> W~W~ will be suppressed and the 
only relevant channel in our scenario will be A^^ — s> /^/^, which will be background- 
free. The related branching ratio will give access to |yAij|, which is directly related to 
neutrino mass matrix elements up to the global factor i.e. to the effective theory 
coefficient c'^=^ in Eq. ([331). 

Other interesting signals can be also searched for in accelerators. Cq^ (Eq. (15^ ) 
and the first term of in Eq- (155]) . besides modifying the Higgs potential and 
renormalizing the scalar kinetic energy term, induce new couplings: HWW, HZZ, 
HHWW, HHZZ, and if^ -where H stands for the physical Higgs-. Consequently, 
the Higgs production cross sections at the future facilities ILC and CLIC [17] get 
corrections. Nevertheless, the strong limit in Eq. (1881) precludes observable effects, 
except maybe from £50 for very large values of A3 and/or A5 [H]. 

Similarly, C^d also affects Higgs physics. Its impact on the Higgs decay branching 
ratios has been analyzed [H], although again the bound from the p parameter discussed 
above excludes observation in the planned future facilities such as ILC. 



4.3 Fermionic triplets 

We have argued that non-unitary flavour-changing matrices are to be expected in this 
case for the couplings of light leptons to the W and Z gauge boson, see Eqs. (16T|) - 
(!63|) . The putative departures from unitarity can be re-expressed directly in terms of 
the d = Q operator coefficients, that is to say in terms of the Yukawa couplings, see 
Eq. (pTj) . Specifically, notice that0 

liVA^t _ i| = le^i ^ (100) 

(iVtiV)-i = Ul{l- e^) f/. ~ 1 - Ul,,^s UpMNS . (101) 

For values of close to the electroweak scale, the deviations of these quantities from 
their standard values can be at the edge of the present experimental bounds on non- 
unitarity. Taking into account the shift induced on G^? as extracted from muon decay, 
Eq. (166|) for the effective theory, we proceed to compute below the departures predicted 

Again, the absolute-value bars in Eq. (|100p can be dropped when choosing the appropiate basis 
in flavour space, see the discussion in Sect. 12.31 
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on leptonic processes in the effective and full theories. As we will see, all transitions 
considered below result in constraints on the elements of the A^A^''" matrix - and thus 
on the d = 6 operator coefficients -, analogously to the situation for fermionic singlet 
Seesaw theories [TU], see for instance Eq. flS^ . Indeed, even if we could have expected 
that Z-mediated processes are sensitive also to Upmns through Eq. fllOip . this is not 
the case, as we will show in Sect. I4.3.2[ 



4.3.1 W decays 

The non-unitary mixing matrix A^ appearing now in the charged weak couplings, 
Eq. (!6T]) . results in a leptonic W decay width of the form 

Y(W ^ Lu^) = V r(l^ Lu,) = "^ {NN^^ . (102) 

6v27r 

Using the value of Gi;' extracted from the decay fi i^f^eue, as given in Eq. (l66l) . the 
following combinations can be defined: 

(A^A^t)^^ r{W i^u^) QV271 _ 



With the experimental values of the W decay widths and mass from Ref. [H] and 
Gf = (1.16637 ±0.00001) x 10-^ the parameters /„ take the values: 

fe = 1.000 ±0.024, 
= 0.986 ±0.028, 
fr = 1.002 ±0.032. (104) 



4.3.2 Invisible Z decay 

The modified neutral weak couplings in Eqs. (162|) and (l63l) lead to 

r{Z invisible) = J2nZ^ u-^v,) = -^-^ (1 + p,) ' (105) 

where pt ~ 0.008 [2] takes into account radiative corrections mainly stemming from 
loops including the top quark. As the dominant radiative corrections do not involve 
leptons, the dependence on the mixing matrix in Eq. fllOSp appears as a global factor 
to an excellent approximation. Using the data provided in Ref. [Hj and the following 
approximation valid at first order in 

Y,\[{N^N)-%\' = Tr(l - 2 e^) = 9 - 2 Y,iNN%^ , (106) 

i,j a 
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the following constraint is then obtained: 



9-2 Ea(^^"^)"a 12v^7r T{Z invisible) 



2.984 ±0.009. 



(107) 



As it is well known, this number should correspond to the number of active neutrinos 
at LEP. Its 2(7 departure from the value of 3 is not (yet) significant enough to be 
interpreted clS cL SI gnal of new physics. 



4.3.3 Universality tests 

The existing constraints on the universality of weak interactions can be turned into 
bounds on non-unitarity if the weak couplings are indeed universal, as it is the case 
in Seesaw models. The results of our analysis, always at order e^, are displayed in 
Table El where the bounds have been extracted from Ref. [IS]. For the leptonic decays. 



Constraints on 


Process 


Bound 






0.997 ±0.010 






1.034 ±0.0014 




r(7r ^ /iP^J 


1.0017 ±0.0015 




r(7r ^ eVe) 




r(r — S> TlVr) 


0.9999 ± 0.0036 




T{tx fiu^) 




r(r ^ u^fii^^) 


0.9999 ±0.0020 




r(r UrCUe) 




r(r UrCUe) 


1.0004 ±0.0023 








r(r -> fr^-l^^i) 


1.0002 ±0.0022 




r(/i v^eve) 



Table 6: Constraints on {NN'^)aa from a selection of processes. 
the following expression has been used (for a ^ [3): 



G 



1927r3 

Charged pion decays to a lepton pair are also considered in that Table. 



(lOJ 
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4.3.4 Z decays into charged leptons 



While the processes analyzed in the previous Sections permit to put bounds on the 
diagonal elements of {NN"^), as in the case of the fermionic singlets, the additional 
presence of flavour changing effects in the coupling of charged fermions to the Z boson 
allows to constrain the off-diagonal elements of {NN"^) with tree- level processes, at 
variance with the fermionic singlet case. The leptonic width of the Z gauge boson is 
given by 

TiZ ^ LQ = sin^^v^r + I sin^^w- - 7,[iNN^)'U\') , (109) 

where the first (second) term in the parenthesis is the contribution of right-handed 
(left-handed) leptons. For a P it follows that: 

r(z-.u,) = ^^£^i|[(iVivt)%,|^ (110) 

It is now possible to obtain the branching ratios at leading order in e^: 

Br(Z^U,) = ^^^J^Bt{Z ^ = (111) 

^ 2 sin^ ei - si!?iw + 1/4^'^^ ^ ^"^"^ ' 

where we have used | [(iViVl')2j^^|2 ^ 4|(ArA^t)^^|2 ^nd sin^ = 0.23 is the Weinberg 
angle. From this, the bounds in Table [7] have been derived. 



Constraints on 


Process 


Bound 






Bi{Z e^fi^) 


< 2.5-10-3 






Bi{Z e^T^) 


< 6.1 ■ 10-3 






Bi{Z /i^r^) 


< 6.7-10-3 



Table 7: Constraints on {NN'')ai3 from tree-level Z decays into charged leptons. 



4.3.5 — > eee and r — > 31 decays 

The presence of flavour changing neutral currents in the charged lepton sector results, 
in the case of the fermionic triplet Seesaw theory under study, in tree-level n —>■ 3e 
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transitions given by (at leading order in e^): 

Br(/x- - e+e-e-) ^ ^ '^'''S] (112) 



I [(iViVt)2]^j2 gi^4 _ 2 gin2 ^ 1 



Analogously, r decays in 3e or 3/i are non-zero and given by: 

Br(r--C/-/«) = ^^f^^^^^Mr- ^e~v^V,)= (113) 

r r ^ e u^Ue) 



\[{NN^)\r? (^3sin^^vi/ - 2sin2^vF + Br(r~ 6^1^,77^) 



where a = /x, e . On the other side, r decays in 2e(/i) + l/i(e) are given by: 

Br(r--C/^/^) = ^^j—^^^^^BT{r^^l^UrV:)= (114) 



|[(iViVt)2]^^|2 |^2sin^^H' - sin^^H/ + Br(r- ^ Z^z/^IJ,) , 



Br(r--/JCC) = Hl-ll5y^Br(r- ^ e-z/.z7,) = (115) 

= ^\[{NN^fU'\[iNN^?U\'BTir- ^ e-z/.I7,) , 

where a, P = n,e with a ^ f3. The bounds resulting from these processes for combina- 
tions of NN"^ elements are contained in Table [HI 



4.3.6 Complete Lagrangian and Zi 

As the phenomenological consequences of Seesaw scenarios mediated by SU{2) fermionic 
triplets remain almost unexplored in the literature, it is worth to study in detail the 
complete Lagrangian for the high-energy theory in Eq. fl48p . developing it in terms of 
the electrically charged componentJ^ of S, 

+ g (W^;S57,S^ - H^;s57,S°, + h.c.) + g [w^E^^.J:^^ - W^^^.J:],) 

- ^ (s+MsE^j^ + S^MsE+^ + S^MsS?,^ + h.c.) 

- (/sJFs^^l + V2<j)°^Y^lL + - V2ct>+^Yj,iyL + h.c.) . (116) 
^^Note that the charged conjugate of is not but S^*^. 
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Constraints 


on 


Process 


Bound 


\iNN%, 




fi~ — * e^e^e- 


< 1.1 ■ 10-6 


\{NN^)er 






< 1.2 ■ 10-3 






— ^ jl^ 


< 1.2 ■ 10-3 


\{NN^)re 






< 1.6-10-3 


\{NN%,\\{NN%,\ 




< 3.1 - 10-^ 








< 1.5 - 10-3 


\{NN^)re\ {NN^)^e\ 


— > fi~^e~e~ 


< 2.9-10-^ 






^ ^ 67 


1.1 ■ 10-^ 






r ^ /i7 


1.9 - 10-2 






r ^ 67 


2.4-10-2 



Table 8: Constraints on {NN^)ai3 from charged leptons decays. 

This Lagrangian, in which the charged components of the triplets are expressed in terms 
of 2-component fields, is not convenient when considering mixing with the charged 
leptons, which as usual are expressed in 4-component notation. As the charged triplet 
components have 4 degrees of freedom they can all be written in terms of a 4-component 
unique Dirac spinor, 

^ = S+^ + S^. (117) 

The neutral fermionic triplet components on the other hand can be left in 2-component 
notation, since they have only two degrees of freedom and mix with the neutrinos, which 
are also described by 2-component fields. This leads to the Lagrangian 

C = + f^ipL^ji - "*Ms^ - (t^^E^j^ + h.c}j 

+ g {w;[T^j,Pn^ + W+^^^Pl^ + h.c.) - g Wjl'^j,^ 

- + y2/Ws/L + - v^0+I^lf ^ + h.c.) . (118) 

The mass term of the charged sector shows then the usual aspect for Dirac particles 
(omitting flavor indices): 
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so 




Figure 2: Diagrams contributing to yU — 67. 0~ is the Goldstone boson associated with 
the W~ boson, rj is the Goldstone boson associated with the Z boson and H stands for 
the physical Higgs boson. 



The -symmetric- mass matrix for the neutral states is on the other hand given by: 

Y^*v/2V2 Me/2 A S° / 

The corresponding mixing matrices, necessary to calculate fi ^ e'y and similar pro- 
cesses, are explicitly given in Appendix B. 



C 3 



/X 67, T 67 and r /X7 

W hi transitions result from Z- and VT-mediated one-loop processes, depicted in 
Fig. O The amplitude of the matrix element, computed within the complete theory, 
Eqs. ( 148|) and f lllSp . is given by (the details of the computation will be given in a 
separate publication [T5]): 

QSM g 

- 1 - = -i— ^mill^ (p - q) PRiaxyq^e^Ui (p) x 

^/2 iOTT- 



iUoy).^+OlT7l]> (121) 



In this equation, C = 2.23, x^. = -gr- and ef^ corresponds to the d = 6 operator 
coefficients e^^, e^^ and e^^ in Eq. ( !56l) . when considering — ^ 67, r — ^> 67 and r — > /i7 
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transitions, respectively. Uq^^ is the unitary matrix which diagonahzes the neutral 
lepton mass matrix for the fields see Appendix B for details. Using these 

results, and Eq. fl66l) the branching ratio for the h Z27 transition is given by (at 
order 1/M|): 



BRih^hl) 



3 a 



il 



32 TT 



{NN^)ii{NW) 



(122) 
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The experimental bounds on these processes result in constraints given in Table 8. 
These are comparable to those stemming from tree-level purely leptonic decays. 



4.3.7 Combination of all constraints 



From all constraints obtained above we have performed a global fit, and the following 
bounds on the A^A^'I" elements have been derived, at the 90% CL: 

'1.001 ±0.002 < 1.1 -10-6 < 1.2- 10-3 \ 
|iVA^"^|^| < 1.1 -10-6 1.002 ±0.002 < 1.2 -10-3 . (123) 
< 1.2 -10-3 < 1.2 -10-3 1.002 ±0.002/ 

Using now the relation obtained in Eq. (16 7p between the elements of the coefficient 
matrix d^""^ and those of NN\ it follows that 



2 2 11 I < 1.1 -10-6 < 1.2 -10-3^ 

— \d'=%3 = — \Y^—j—Yj:\^p < < 1.1 ■ 10-6 4 ■ 10-3 < 1.2 ■ 10-3 I (.124) 
2 ' 2 Me \< 1.2-10-3 < 1.2 ■ 10-3 4-10-3 ' 




Notice that these bounds are stronger than those obtained in the case of the fermionic 
singlet Seesaw theory, Eq. (15^ . This is due to the fact that now flavour changing 
processes with charged fermions are allowed already at tree level. 



4.3.8 Signals at colliders from fermionic triplets 

As for direct production and detection, alike to the case of the generic type-II Seesaw 
model, the non-zero electroweak charge of the triplet results in gauge production from 
photon and Z couplings. Only particles with electric charge ±1 exist in this case, 
though, and the experimental signals are less clean. Anyway, if light enough, triplet 
fermions can be produced in forthcoming colliders through Drell-Yan production. In 
Ref . [HI [H] , the following channels have been analyzed: 

• S decays into gauge bosons plus light leptons: S- Zl^ , S- W'u, S° Zu, 

• S decays into Higgs plus light leptons: T,~ — > S° — > (p^u. 
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5 Conclusions 



While the unique dimension five effective operator is common to all Seesaw models 
of Majorana neutrinos, dimension six operators discriminate among them. We have 
determined the latter for the three families of Seesaw models: fermionic singlet (typel), 
scalar triplet (type II) and fermionic triplet (type III). They should be the low-energy 
tell-tale of the Seesaw mechanism, for any generic beyond the SM theory whose typical 
scale is larger than the electroweak scale and which accounts for Majorana neutrino 
masses. These results have been gathered in Table 1. 

For fermionic Seesaw theories, the effective operators obtained result in non-unitary 
leptonic mixing matrices affecting the couplings of leptons to gauge bosons, in very 
precise patterns. Denoting by N the non-unitary matrix which replaces the usual 
UpMNS matrix in the charged current, the neutrino-Z and charged lepton-Z currents 
have now a flavour structure given by 

Jl"" oc N^N , Jl^^ ocl , for singlet-fermion Seesaw , 

Jl'" oc (iV"^A^)"\ Jl'^ (X {NN'^f , for triplet-fermion Seesaw . 

For scalar-triplet Seesaw theories the mixing matrices remain unitary, while the dimen- 
sion six operators indicate instead correlations between exotic four-fermion couplings 
and gauge and Higgs potential parameters, as well as with Higgs transitions. 

For all families of Seesaw theories, it turns out that the coefficient matrix of the 
dimension six leptonic operators is of the generic form Ic"^"^! = Y^^Y , where Y denote 
the new Yukawa couplings and M the high scale of the new theory. Irrespective of the 
value of M, we have set bounds on the Y/M ratios for the three theories, resulting in an 
overall constraint \Y\ < 10"^^^, with more stringent constraints for specific channels, 
specially for type II and III theories due the richness of their phenomenology. The 
specific results have been collected in Eq. f l82|) . Tables 4 and 5, and Eq. (11241) . for the 
fermionic singlet, scalar triplet and fermionic triplet Seesaw theories, respectively. To 
achieve them, we took into account the experimental data on many tree-level processes 
as well as on radiative one- loop processes (/i e'j, t ^ fi'j and r — s> 67), all of which 
we computed in all 3 theories. 

Independently of the above, we have also discussed the possible values of M from 
a theoretical, albeit model independent, point of view. There is no clue at present 
on whether there is a relationship between the source oi B — L violation in nature 
and the origin of the fiavour structure of the SM, which displays Yukawa couplings for 
charged fermions ranging from F ~ 1 for the top quark to ~ 10"^ for the electron. 
The values of neutrino Yukawa couplings could also be in that same range within 
Seesaw theories, if the high energy scale lies in the range between the typical Grand 
Unification scale down to the TeV scale. Indeed, the electroweak hierarchy problem 
prefers new physics scales closer to the electroweak scale than to the hypothetical 
Grand Unified scale, if the new physics involves the Higgs field. To illustrate this point 
in the present context, we have explicitly computed the one- loop contributions to the 
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Higgs mass in the three famihes of Seesaw theories, showing its quadratic sensitivity to 
the new scales. We have then also addressed in this work the question of whether it is 
possible to simultaneously allow a "low" scale M ~ TeV and large, order one, Yukawa 
couplings, without fine-tuning neither any Yukawa coupling nor combinations of them. 
The answer is positive and guided by symmetry considerations. Indeed, while neutrino 
masses correspond to the dimension five operator which violates B — L, all dimension 
six operators preserve it. From the point of view of symmetries, it is then a sensible 
option to expect large effects of the new physics associated to the latter, while the 
dimension five operator is further suppressed. A natural ansatz proposed is that, if in 
the new theory the Majorana character is associated to some tiny parameter fi which 
heralds the breaking oi B — L, the dimension five operator coefficient is necessarily 
proportional to it, c ~ &nd thus suppressed. This mechanism and pattern 
is stable under radiative corrections, as they have to be proportional to /i, which 
is the parameter responsible for the small breaking of a global symmetry. We call 
this pattern direct lepton violation since the neutrino masses are proportional to the 
(small) lepton number violating quantity n, rather than inversely proportional to the 
large lepton number violating heavy field mass. It turns out that such an ansatz and 
pattern is already incorporated in the minimal scalar-triplet Seesaw theory (type II). 
We have also argued that fermionic Seesaw theories at the TeV scale (as for instance 
the so-called inverse Seesaw mechanism) include it as well and we have explored the 
corresponding possible textures and realizations. Would this ansatz happen in nature, 
new beautiful signals may be expected near the present experimental bounds and in 
accelerators sensitive to the TeV scale, such as the LHC or ILC . The loose bounds we 
have obtained for the dimension six operator coefficients, above mentioned, show that 
it is indeed possible to have such strong signals, with M ~ TeV, Yukawa couplings of 
(9(10~^-1) and no unnatural fine-tunings. 
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6 Appendix A: Non-unitarity 



We give here in detail the transformations leading to the currents in Eqs. f|T9|) . (120|) 
and Eqs. fl6Tl) . fl62|) . (l63l) . corresponding to the singlet and triplet fermionic Seesaws, 
respectively. 



Singlet fermion Seesaw 

Consider the Lagrangians in Eqs. ( fT4l) and ( fT5i) . We can rotate to the basis in which the 
mass matrices are diagonal. In this basis, the neutrino light eigenstates are redefined 

as 

Vi = V:fu^L + V:^*u^l, (125) 

(126) 

where V^^ are not unitary matrices because of the field rescaling involved. V^^ can be 
expressed in terms of the matrix which diagonalizes the neutrino mass matrix^ W^, 

¥'^ = {1-^6^)^. (127) 

(128) 

In terms of the light mass eigenstates, the leptonic Lagrangian now becomes 

^fe-pLs = {iP - + {^P - rr^r) U + l^cc + Cnc , (129) 

where, in this mass basis, the charged and neutral currents read 

i/L + h.c, (130) 



1] ( 1 - ie^ 1 t/*^ 



Cnc = { I [Wl, [U"^ (1 - e^) U'']uL- ki.h] - szn'OwJr] 

+ ej;'"^^, (131) 

where ^2 = diag(e*^^, e*^^, e*"^^) reabsorbs three unphysical phases in the definition 
of the charged lepton fields. The above expressions look quite complicated, but the 
measurable effects can be expressed in a compact way, denoting by N the non-unitary 
matrix appearing in the charged current coupling, 

N = ^ (1 - -e^ ) U"" . (132) 



2 

In terms of the matrix A^, the charged and neutral currents read 

J;^^ = eZ^l^^N^iUi, (133) 

= \vn,{N^ N),,u,, (134) 

with NiJ Naj 7^ Sij appearing in the neutral current since is not unitary. 
19 Notice that U" does not depend on c''^^ at 0{1/RP). 
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Triplet fermion Seesaw 

Consider now the Lagrangians in Eqs. (158|) - (!59|) . We can rotate to the basis in which 
both the leptonic kinetic energies and their mass matrices are diagonahzed. This 
requires to redefine the leptonic Ught fields as 

n = C'^^aL + ^.f , (135) 
lu = K^^Il^, (136) 

where f/jj is unitary while V^^ and K^^ are not unitary matrices because of the field 
rescaling involved, 

= (1 - ^e^) U" (138) 
IC"" = {l-e^)Ui, (139) 

with the matrices Uy and [/' diagonalizing the neutrino and charged lepton mass terms, 
respectivel}@, with 

In terms of the light mass eigenstates, the leptonic Lagrangian becomes 

^fe-ptons = {^P - + \h [^P " mf^) + ^CC + C^C , (141) 

in which the charged and neutral currents now are given by 

UL + h.c, (142) 



Ccc = ^IlW- 



Cnc = 1 1 [Wl, [U'^ (1 - e^) f/^ ] z/i - /l7m f^l^ (1 + 2e^) U^n^ 

- sin''ewr;^}z'' + er;^A'', (us) 

with, once again, ^2 = diag(e*'^^, e*'^^, e*"^^) reabsorbing three unphysical phases in the 
definition of the charged lepton fields. Because of the fiavour-dependent field rescaling 
involved, a non-unitary mixing matrix N has appeared in the charged-current cou- 
plings, replacing the usual unitary Upmns niatrix, while non- unitary fiavour mixing 
appears as well in the couplings of leptons to the Z boson. The above expressions look 
quite cumbersome, but the measurable effects can be cast in a compact way. Indeed, 
we denote by N the non-unitary matrix appearing in the charged current coupling, 

N = nu[Ul + ^eA U" . (144) 



20 While does not depend on c^=6 at 0{1/AP), C/[ and C/]j do. 



42 



Working at order (9(1/M^), i.e. at first order in the parameters, the charged and 
neutral currents can then be neatly expressed in the mass basis as 

j;^^ = Tli.Nv, (145) 
J^(neutrinos) = ^{N^ N)'^ v , (146) 

J^3(leptons) = i/7^(iViVt)2L (147) 
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7 Appendix B: Lepton mixing in the full type-III 
Seesaw model 



As the type-III model has not been properly presented in an extensive way for what 
concerns notations, mass matrices, mixing matrices, etc., it is useful to discuss it also 
in the context of the full theory where the triplets of fermions are not integrated out. 
This will also allow to establish the precise tree-level connection between the effective 
and full theories. This model is defined by Eq. (H8|l in a vector notation. It can 
be equivalently rewritten in terms of the usual and compact two-by-two notation for 
triplets (with implicit flavour summation): 

£ = TrpzpS] - irrpMsS" + S^M^S] - ^'^T.^Tfj^L - Iv^Fs"^S0 (148) 
with, for each fermionic triplet. 



(149) 



Either way, Eq. (HHl) or Eq. (11481) . lead to the same Lagrangian expressed in terms of 
charge components, as given in Eq. (11161) or, in terms of the more convenient spinor 
field ^ ( Eq. (I117P ) , in Eq. (11181) . This leads to the mass matrices for both neutral and 
charged leptons in Eqs. (I119l) - (ll20p . As it happens with any Dirac mass matrix, the 
charged lepton mass matrix can be diagonalized by a bi-unitary matrix transformation 
(six-by-six if there are three triplets of fermions) , 



I'll ) = { y ) ' (150) 



while the symmetric neutral lepton mass matrix can be diagonalized by a single unitary 
matrix: 

soc ) = ( s'^i ) • (151) 

Writing the mixing matrices in terms of three-by-three blocks 

— f Uli-^ \ jj^ — f Uru URiq, \ jj ^ f Uquu UquT; \ (152) 

at order 0{[{Y-£V,mi)/MY:]'^) we obtain: 

Ulii = 1 - Uu^ = Y^M^'v 

Uru = 1 Uri^ = miY^M^^v 

t/\/f-l V 



Uquu — (1 — \)UpMNS UouS — Yj^Mj. 



Ul^i = 


-M^'Y^v 


Ul^^, = 


1-e' 


Ur-^i = 


—M^'^YY.miv 


UR-q/\fj = 


1 


Uqy,u = 


-M-'Yj:^Uouu 


UoT,T. = 








(153) 
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where = ^F^M^ Ve, e' = \M^^Yy;Y^Mj:^ and Upmns is the lowest order neutrino 
mixing matrix which is unitary. The six-by-six mixing matrices Ul,r,o are unitary but 
the various three- by-three ones are not. This leads to non- unitary effects in the gauge 
interactions of leptons. Re-expressing the gauge interactions in the mass eigenstate 
basis we get Eqs. flMl) - flB^ with 

(iViVt)2 ^ 1 + = l + 2e^, (154) 

{N^Ny' = l-Ul,,,Uoj:, = l-UUiNS^''UpMNS, (155) 
N = {UliUouu + v^f/Lt/oE.) = (l + y ) UpMNS . (156) 

In obtaining these results recall that, in the full high-energy theory, all the analysis has 
been performed in the flavour basis in which the initial charged lepton mass matrix is 
diagonal and the light charged lepton fields have reabsorbed three arbitrary phases. In 
the last equalities of Eqs. fll54p and fll55p we have used Eq. fll53p . while the last equality 
of Eq. fll56p can be obtained from combining Eqs. fll54p and fll55p . The results we get 
in terms of the Yukawa couplings are fully in agreement with the ones obtained in the 
effective theory, Eqs. (EID-dnSl) and Eq. (EZ!). Note that in Eqs. ffT53D-ffT55ll (although 
not in Eq. fll56p ). Upmns can be replaced by since the difference is of higher order 
in Yv/My;. 
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8 Appendix C: Low scale models of light neutrino 
masses with large Yukawa couplings 



In the following, we consider models based on type-I Seesaw mechanism which lead to 
large dimension 6 operators. The examples considered can be straightforwardly applied 
to the type-Ill Seesaw too, as the textures are exactly the same. Such a situation arises 
for particular patterns of the singlet neutrino mass matrix and/or of the Yukawa matrix. 
As already explained in Sect. 3 we are interested in a class of models which, to lead 
to sufficiently suppressed neutrino masses and large d = 6 operators, do not require 
any precise cancellations between the various (a priori independent) entries of these 
2 matrices. The cases we consider just require that some of the entries of these mass 
matrices are much smaller than other ones. For simplicity, let us first consider - as in 
Sect. 3 - only one left-handed neutrino and two singlet fermions. In full generality, 
in this case there are 3 mass matrix textures which automatically lead to a vanishing 
light neutrino mass [in the basis {ul, Ni, N2)]: 

rriD^ \ / m^,^ \ / mo^ \ 

mo, Mn, Mjv, , M^vi , m^, 

M^, / \ TTiD, Mn, Mn, J \mD, J 

(157) 

In the following we will consider only the first mass matrix since the second one is 
equivalent to the first one under Ni ^ N2, and since the third one which is of the Dirac 
type doesn't lead to any interesting case for our purposes. Assuming M^i > the 
eigenstate which is predominantly a ul is massless. For M^^ = 0, which corresponds to 
the well-known inverse Seesaw model [19] considered in Sect. 3, this can be understood 
easily from the fact that assigning L = 1, —l,lto ul, Ni, N2 respectively, lepton number 
is conserved. For M^Tj 7^ 0, which can also be justified from a symmetry in specific 
extended models [20], this remains true because the determinant of the mass matrix 
still vanishes in this case. This case has the interesting feature to have a large source 
of lepton number violation (i.e. M^^) with a vanishing neutrino mass Ell- In order to 
induce a naturally small neutrino mass, even if the Yukawa coupling in is large, and 
without fine-tuning, one must introduce a small mass parameter /i in the mass matrix. 
This can be done in 2 ways (plus combination of them), either from introducing an 
extra small Majorana mass, or from introducing an extra small Dirac mass term: 

(0 iJif)^ \ / mn^ /i \ 

mn, Mn, Mn, \, tud. Mm, Mn, . (158) 

Mn, fi J \ fi Mn, / 

^^Note that since the 22 element breaks lepton number, it could induce neutrino mass in presence 
of extra interactions coupHng to the Ni's. This contribution would be suppressed by loop factors, 
couplings of the extra interactions, as well as the masses of the new states involved, but wouldn't be 
necessarily negligible with respect to the contribution of Eq. (|159|) below. We thank S. Antusch, M. 
Frigerio and J. Kersten for discussions on this point. 
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Expanding in powers of /x, in the first case in Eq. fllSSp we obtain: 



m 



/i 



(159) 



while the second case leads to: 



m,. 



-2- 



+ 



M 



N2 



(160) 



Eq. (11591) shows that the neutrino mass is suppressed by an extra factor /i/Mtvi, so 
that the smallness of neutrino masses, and the argument of no fine tuning, do not 
require tiny Yukawa couplings. As for the first term in Eq. (11601) . it has the standard 
neutrino mass form, i.e. with 2 Dirac masses in the numerator and one Majorana mass 
in the denominator, but unlike the usual Seesaw formula, it involves only the product 
of 2 different Dirac masses. Therefore, if one of them is smaller than the other, e.g. 
IX « rriDi, a small neutrino mass can be obtained here too with a large Yukawa 
coupling in moi, and no fine-tuning. As for the second term in Eq. (11601) . which 
involves the independent parameter M^vj, it also leads to suppressed neutrino masses, 
even if M^Tj largely breaks lepton number. Now, in the limit yU — > the point is that the 
coefficient of the d = 5 operator vanishes but that of the d = 6 operator does not. This 
can be seen from the fact that the d = 6 operator takes the form {YnY {M]^'^){Y]y), see 
above, and doesn't vanish in this limit. Eq. (fTOj) in all cases above, with for example 
rriD-^ = Yiv ~ V and Mjy-^ ~ 1 TeV, becomes simply |Yip/Af^^ ~ 1/M'^_^ which is large. 
The one left-handed plus two right-handed neutrino example above can be generalized 
to the 3 left-handed plus 3 right-handed neutrino above. The condition for having 
vanishing neutrino masses is to start with a 6 by 6 mass matrix which has rank 3. 
Assuming that all entries of the Yukawa coupling matrix are independent (i.e. barring 
cancellations between the various entries), it turns out that there is only one possibility 
to have large Yukawa couplings with three massless light neutrinos and three massive 
right-handed neutrinos. In the basis (z/e, u^, z/^. A''!, A''2, A3) it is 



/000 c00\ 






c d e 



\ 



e 

f 9 a 

9 b 

a / 



(161) 



plus permutations. This matrix has the particularity that only one of the 3 right- 
handed neutrinos couples to light neutrinos at leading order (just as the 1 u plus 2 A^ 
case above). From a simple lepton number assignment there is only one way to justify 
this pattern, which gives in addition f = g = 0, i.e. by taking L^^ = = L^^ = 
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ways: 



-L 



N3 



1 and L 



N2 







The matrix of Eq. fll6ip can be perturbed in many 



/ 




c 

ei 
\e2 







d 

£3 
£4 







e 

^5 
^6 



C 
d 

e 
f 
9 
a 



£1 
£3 
£5 
9 
b 

£7 



£2 \ 

£i 

£6 
a 

£7 

^8 / 



(162) 



To have two massive hght neutrinos, at least one Ei among £i^...j must be different from 
0. To have 3 massive hght neutrinos, at least two well chosen Ei must be different from 
0, for example £3 and Eq. It is beyond the scope of the present analysis to determine 
all possible perturbations textures which may accommodate the neutrino data along 
these lines, see also Ref . [20] • There are many possibilities, and the point is that all of 
them do lead to unsuppressed d = 6 operators (i.e. with non-vanishing coefficients in 
the limit in which all Ei = 0) as long as a and b, together with at least one parameter 
among c, d, e, are different from 0. 
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